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Let k be a global field, i.e., an algebraic number field or a field of 
functions in one variable over a finite field. Let S be a finite non-empty set of 
valuations of k containing all the archimedean ones, and PA cY = 
(X E k 1 E(X) > 0 for all u &S). We say that SL2(F) has the congruence 
subgroup property (CSP) whenever the kernel C(SL,, p) of the canonical 
map 92 (e) + SL,(@) is finite [ 1: 6,8]. Serre [S ] has shown that SL,(F) 
has the CSP if and only if /SI > 1. There are three families of rings /Irj for 
which ,S\ = I: 
(R) /cE = Z, the ring of rational integers: 
(Q) F = I,, the ring of algebraic integers in O(G), where nt is a 
square free positive integer; 
(P) c” = D, where D is the coordinate ring of an afline curve obtained 
by removing a point from a projective curve defined over a finite field. 
If SL,(p) has the CSP then I/[r’: f’] is finite for every subgroup I‘ of 
finite index of SL,(b) (cf. 11, Section 161). On the other hand, for the case 
(R) it is well known that X,(Z) contains a free non-abelian subgroup of 
finite index. In [ 3 I9 Grunwald and Schwermer use the method of Zimmert 
[ 111 to show that in case (Q), SL,(p) has a subgroup of finite index I‘ 
which is mapped onto a free non-abclian group. In particular T/IT, T] is 
infinite. In this article we show that the same is true for the family (P). So to 
summarise we have 
THEOREM A. (i) SL,(Z) has a free subgroup oJfinite index. 
(ii) If 6 is in family (Q) or (P) then SL,(b) has a subgroup offlnite 
index I- which is mapped onto a free non-abelian group. 
This theorem enables us to obtain some information on the struclure of 
C(SL,, P). 
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THEOREM B. (i) C(SL,, 2) is isomorphic to F,, the free pro-finite 
group on a countable number of generators. 
(ii) If B is in family (Q) or (P), then C(SL,, @) contains a closed 
subgroup isomorphic to F?,. 
Part (i) was already obtained by Melnikov 151. Another consequence of 
Theorem A is the following: 
COROLLARY C. Zf @ is in one of the families (R), (Q) or (P), then 
SL,(@) is SQ-universal. 
Recall that a group G is SQ-universal if every countable group can be 
embedded in a quotient of G. If a group G has a subgroup of finite index 
with a free non-abelian quotient, then G is SQ-universal (cf. 131). So 
Corollary C is an immediate consequence of Theorem A. This gives another 
example of an algebraic property on which these groups differ from the class 
of arithmetic groups which have the congruence subgroup property. 
Theorem A is proved in Section 1, and Section 2 contains a proof of 
Theorem B. 
1. GROUPS ACTING ON TREES AND FREE QUOTIENTS OF SL, 
Our aim in this section is to prove Theorem A. As mentioned before we 
need to prove only part (ii) and only for the case (P), the characteristicp > 0 
case. For this we shall use the action of SL,(@) on the corresponding 
Bruhat-Tits building as described in 191. We shall assume the reader is 
familiar with the basic notations and results about graphs of groups and the 
structure of groups acting on trees as presented there. 
LEMMA 1.1. Let (G, Y) be a graph of groups with the properties: 
(i) The graph Y is finite. 
(ii) For all x E V(Y) the group G, is residually finite. 
(iii) For all y E E(Y) (= the set of edges of Y) the group G, is finite. 
(iv) There exists a terminal vertex x0 E V(Y) so that the 
monomorphism G,” -+ Gay”, is not surjective for the unique y,, E E(Y) 
satisfying t( y,) = x0, and there exists x, E V(Y) x, # x0, such that G,, is an 
infinite group. 
Let T be a maximal subtree of Y and G = z,(G, Y, T). 
Then (a) G is a residually finite group. 
(b) For all x E V(Y), the topology of subgroups of finite index of G 
(the ‘projkite topology”) induces the pro-finite topology on G,. 
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(c) G has a subgroup of finite index L which has a free non-abelian 
quotient. 
Proof. Parts (a) and (b) are proved in [9, Chap. 1 1. Sect. 2.6. 
Proposition 12 1. 
Proof of (c). Let K be a normal subgroup of finite index of G which 
satisfies 
K intersects trivially the finite set u G,. (1) 
ytE0) 
Note that by (a) we can find K, which satisfies (1). As 1 GXo 1 > i G,” j and G,VI 
is infinite (by assumption (iv)), (b) insures that there exists a normal 
subgroup of finite index K, which satisfies (2). K = K, n K, will satisfy both 
(1) and (2). 
Let (M, Y) be the graph of groups with the same graph Y and with 
M,. = G, for y E E(Y). For x E V(Y) we shall take M, = G,/K f7 G,. The 
injections G, -+ G,(,, and G, + G,(,,, induce injections 
and 
My = G, + G,c,, -+ G,JK n G,t?,, = M,,,,. 
These are really injections since K n G, = 1. 
Let M = z,(M, Y, 7). From the presentation of the fundamental group of a 
graph of groups [9, Chap. 1, Sect. 5.11 one can easily see that the maps 
G, --f GJK n G, = M, for x E V(Y) and G, -+ M,. for y E E(Y) determines a 
surjective homomorphism from G onto M. 
Thus, in order to complete our proof it suffices to show that M has a 
subgroup of finite index H which is free of rank greater than 1. 
The graph of groups (M, Y) satisfies the assumptions of Proposition 1 I in 
19, Chap. 11, Sect. 2.6 1. Hence we can find a subgroup H of finite index 
which is free of rank, say, r,,. By 19, lot. cit. exercise 3 1) X(M) = 
(1 - rH)(M: H] is equal to CXEVo,) l/lM,I - CyEE(,,)- l/l MJ, where x runs 
over V(Y) and y runs over its geometric edges (i.e., E(Y)- denotes some 
orientation on Y). We need to show that rH > 2. This happens iff X(M) = 
IM: H]( 1 -- r,,) < 0. We shall show that Z‘(M) < 0. 
We choose an orientation E(Y)? of Y such that y, E E(Y)+ and for every 
x E V(Y) - (x, } there exists at least one y E E(Y) t with t(v) = x. E + (x) will 
denote the set of all y E E(Y), with t(y) = x. The fact that the number of 
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geometrical edges of Y is at least one less than the number of its vertices (Y 
is connected, and see 19, Chap. I, Sect. 2.2, Proposition 121) and a simple 
induction show that such an orientation does exist. 
Now 
s-(M) = 
If xE V(Y) and yEE(Y)+ with t(y)=x then jMx!>jMyJ so l/!M,l-- 
l/!M,i,<O. For every x#xO,x,, E,(x)#0, so 
Assumption (2), which we made when we chose K at the beginning of the 
proof, implies that Z’(M) < 0. This completes the proof of the lemma. 
We shall apply Lemma 1.1 to the group r = SL2(@), where 6’ is a ring 
from the family (P). 
The group f acts on the tree X associated with SL,(k). For the definition 
of X and its properties, the reader is referred to 19, Chap. 111. The quotient 
graph m is also described there in Sect. 2.3-2.7. We present one inter- 
pretation given there to E 
I‘ is an amalgamation of groups r, (r E Pit(6)) and a group A,, 
amalgamated along the finite groups oc and the injections ac +/i, and 
oc -+ f, 19, Chap. II, Sect. 2.5, Theorem IO]. 
In our case when k is a field of functions in one variable over afinite field 
k,, WC know that we are dealing with only finitely many, say, Y, groups f, 
(see [9, Chap. II, Sect. 2.3, Corollary 41). So r is the fundamental group of 
the graph of groups: 
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The groups r, are finite by abelian [9,loc. cit. Sect. 2.5 1. If r 2 2 then we 
nave two terminal infinite vertex groups-this is sufficient for applying 
Lemma 1.1. If r = 1 then /i, is a vertex group of a terminal vertex. The 
injection Qc, + A, is not surjective (since if so, then f = I>, and hence I’ is 
contained in the Bore1 subgroup of SL,(k), and it is finite by abelian, which 
is a contradiction). So again we can apply Lemma 1.1. Thus r has a 
subgroup of finite index with a non-abelian free quotient. 
2. FREE PRO-FINITE GROUPS AND THE CONGRUENCE KERNEL 
Before proving Theorem B we shall give some results related to free pro- 
finite groups which may be of some interest in themselves: 
Let F = F(X) be a free group on a set of generators X, and 9’ the family 
of all normal subgroups N of finite index in F such that flN is finite. The 
completion of F with respect to the topology determined by P is called the 
rree pro-finite group on X and it is denoted by F?(X). If card(X) = e < co we 
shall write Fc and if X is countable it will be denoted by P,. 
The group F’, is of great importance in the theory of fields. As a conse- 
quence of its characterization by Iwasawa (cf. [7, Chap. 1, Sect. 91) one 
obtains that a countable field k is o-free (i.e., every embedding problem over 
I( is solvable) iff its absolute Galois group is isomorphic to E,. A large class 
of algebraic extensions of Q whose absolute Galois group is isomorphic to 
e,, was described in 141. 
DEFINITION. Let e be a positive integer. A pro-finite group G is called e- 
freely indexed if every open subgroup H of G satisfies 
rk(H) = 1 + (G: H](e - l), 
where rk(H) means the rank of H, i.e., the minimal number of generators (as 
a topological group) of H, and [G: H) denotes the index of H in G. 
This definition and the following theorem are taken from (4). 
THEOREM 2.1. Let N be a non-triuial closed normal subgroup of PC, 
(e > 2) of infinite index. Then 
(a) Every proper closed subgroup of N offinite index is isomorphic to 
F’,. 
(b) If g<,‘,lN is not efree1.v indexed, then N itself is isomorphic to Em. 
LEMMA 2.2. Assume K = K, x K, is a direct product of two non-trivial 
ore-finite groups K, and K,, and rk(K) = e > 2. Then K is not e-free1.v 
indexed. 
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Remark. z=n,i,, the pro-finite completion of Z, is a non-trivial 
direct product, yet it is l-freely indexed. 
Proof of the lemma. Denote ui = rk(K,), i = I, 2, so max(a, . u2) < 
e = rk(K) < a, + a2. If one of the groups Kj is finite then K,..j is a proper 
open subgroup of K and rk(K, .j) < rk(K). Thus K is not e-freely indexed 
(e > 2). So assume both groups are infinite. 
Let Li be an open subgroup of Ki of index Bi (i = 1,2). Then rk(Li) < 
1 + pi(u, - 1) and so 
On the other hand, L, x L, is an open subgroup of K of index /3, . ,$. As 
e - 1 > 1 and K, and K, are infinite, WC can find Li (i = 1,2) for which the 
/Ii’s arc large enough so that 2 + (e - I)@, + pZ) ( 1 + (e - 1)/3, . ,&. (In 
fact pi > 3 is suflicient.) This contradicts the assumption that K is e-freely 
indexed. Q.E.D. 
Let 0 = Ps be a ring of S-integers (as in the introduction), and let 6 be its 
pro-finite completion, i.e., 8 = @ (t//J, where J runs over all the non-zero 
ideals (of finite index) in 4. Then 0 is a pro-finite ring and GL,(&) is a pro- 
finite group. 
PROPOSITION 2.3. Let n > 1 and X a set which contains at least two 
elements. Then the pro-finite group E(X) cannot be continuous embedded in 
GL@). 
Remark. Note that this situation is completely different from the 
analogous discrete case (cf. ]lO]). 
Proof: We shall say that a group A is involved in a group B if A is 
isomorphic to a quotient group of some subgroup of B. If A is finite and B is 
pro-finite, then A is involved in a finite quotient of B. For the proof of the 
proposition we need the following lemma. 
LEMMA 2.4. (a) Let n and p be fixed positive integers; p a prime. Then 
there exist finite simple non-abelian groups which are not involved in 
SL,(pd) jar any d (SL,,(pd) is the special linear group of degree n of the 
Galois field of order pd). 
(b) If n and d are $xed positive integers, then there exist finite simple 
non-abelian groups which are not involved in SL,,(pd) for any p. 
Remark. Note that if p and d are fixed and n varies, then every finite 
group can be embedded in SL,(pd) for some n. 
Proof (a) Let q be a prime greater than n and different from p. Then 
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the q-Sylow subgroup of SL,(p”) is abelian for every d (cf. (2. Corollary 
5.21). So take a finite simple group T wose q-Sylow subgroup is not abelian, 
e.g.: PSL,(q’) for m and e sufficiently large. Then T is not involved in 
SL,(p“) for any d. 
(b) Let q be a prime and k and m integers such that min(q, k, m) > 
max()r, d). The group PSL,(q’“) is not involved in SL,(p“) for all p # q 
since the q-Sylow subgroups of the latter are abelian. but the q-Sylow 
subgroup of PSL,(,q”‘) is not. It is not involved in SL,(q”) either. as 
lPSL,Glrn)l > I(~L”w)i. 
Now. recall that GLJc”i) s SL, + r(8). So assume pX c SL,(y ). As every 
finite group is involved in F, and SL,(6) = !ia SL,(fi/J). every finite 
group G is involved in SL,(P/J) for a non zero ideal J. Take G to be a finite 
non-abelian simple group and assume G is involved in SL,(f’-/J) = 
JII-, SL,(F/.9yz), where J = nr , .?:,I is the decomposition of J as a 
product of prime ideals. So G is involved in SL,,(fl,‘.?“) = SL,,(?;‘.Yzu) for 
some i,, 1 < i, & I’. Moreover the kernel of the canonical map SLn(p/.?“j 4 
SL,(f’/.Y) is nilpotent. Thus G is involved in SL,(F/ 9). This gives a 
contradiction to Lemma 2.4(a) if char(F) =p > 0 and a contradiction to 
Lemma 2.4(b) if char(p) = 0. 
Now we are in a position to prove Theorem B. 
THEOREM B. (i) C(SL,, Z) is isomorphic fo F,,,. 
(ii) If c‘ is irz family (Q) or (P) [hen C(SL,, y ) hus u closed subgroup 
isomorphic to f,,,. 
PVOOJ: (i) Let I’(p) bc a principal congruence subgroup of Sl,,(%) for 
some prime p > 2. As is well known, T(p) is isomorphic to a free groxp on, 
say. e > 2 generators. Let f(p) and r(p) be the closures of I‘(p) in SL,(Z) 
and SL z(.%, respectively. f(p) 2 &, C(SL,, Z) c f(p), and 
f(p)/C(SL?. Z) 1 f(p). Now f(p) is the pcongruence subgroup of SZ,,(z). 
so F(P) = 1 L?sp SL,(Z,) x U,,. where 2, is the ring of q-adic integers and 
U, an open subgroup of SL,(i,,). By Lemma 2.2. f(,p) is not e freely 
indexed, and so by Theorem 2.1. C(SL,, 2) is isomorphic to r?,,,. 
(ii) Let C = C(SI,,,F) = Ker(s^L,(a)-+ .SL2(\8)). Let r bc a 
subgroup of finite index of SL,(fi) as in Theorem A(ii). WC have an 
epimorphism cp: f7 --( i?,, 
splits. and 1’~ 15,(c) has a subgroup M isomorphic to F,,. We claim that s‘ 
e > 2. As p?, is a free pro-finite group. the map cp 
Mn C is non-trivial. Otherwise M would be mapped injcctiveiy into 
SL,(p)/C N SZ.:(z), and so Fc c SL,(A). in contradiction to Proposition 
2.3. 
Thus, M n C is a non-trivial normal subgroup of M = i,. Theorem 2. I(a) 
says that it contains E,,. Thus C contains E,,,, and our assertion is proved. 
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Remark. If fl is the ring of algebraic integers in an imaginary quadratic 
extension of Q, then the inclusion-Z + d i$uces an inclusion SL,(Z)-+ 
LX,(@), and thus a map q: SL,(Z) + 2X,(@) with q(C(SL,, Z)) & 
C(SL,, fl). Although C(SL,, Z) N i,,,, and we have proved that 
F^‘, c C(SL,, 0). we do not know in general whether 4 (or, what is 
equivalent, ?I[~~~,.,,~,) is injective. The study of the properties of v is a 
question of special importance, for it expresses the relations between non- 
congruence subgroups of %5,(b) and SL,(Z). For the case F = Z(il. G. D. 
Mostow and the author proved that 9 is injective; this will be published 
elsewhere. 
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